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Final English Abstract

The stability of wellbores drilled in saturated rock formations is an important
consideration in the safe design and operation of wells, as it depends on the
interaction between the solid skeleton and pore fluid and, consequently, on the
time-dependent evolution of stress, displacement, and pore pressure. However,
most existing analytical solutions consider the wellbore as an open cavity in a
poroelastic medium and do not account for the simultaneous presence of a
casing and its interaction with the surrounding formation. This study presents
a fully coupled analytical solution for determining the hydromechanical

response of a deep circular wellbore with a casing embedded in a saturated poroelastic rock formation. Based on the
theory of poroelasticity, the distributions of stress, displacement, and pore pressure in the rock, as well as stress and
displacement in the casing, are derived. The analytical solution is verified against finite element numerical modeling
using COMSOL Multiphysics, and the effects of the shear modulus, bulk modulus, intrinsic permeability, Biot effective
stress coefficient, and porosity on tangential stress are investigated at different times. The results show very good
agreement between the analytical predictions and the numerical results for pore pressure, displacement, radial stress, and
tangential stress in both the rock and casing. The sensitivity analysis indicates that the shear and bulk moduli have a
greater influence on tangential stress near the wellbore, whereas the effects of permeability and porosity reach their
maximum at a distance of approximately 1-1.5 times the wellbore radius at short times and remain noticeable at greater
distances at longer times. These findings demonstrate that the proposed analytical solution can serve as a tool for
evaluating the hydromechanical response of cased wellbores and as a benchmark for verifying numerical models.
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    𝜎  𝜃 𝜃 =   2 G 𝜈  1 − 2 𝜈 e + 2 G   e  𝜃 𝜃 − 𝛼 p


    𝜎  z z =   2 G 𝜈  1 − 2 𝜈 e − 𝛼 p


    e  r r =   𝜕   u  r  𝜕 r


    e  𝜃 𝜃 =     u  r  r


  e =   e  r r +   e  𝜃 𝜃 =   𝜕   u  r  𝜕 r +     u  r  r =  1  r   𝜕   r u  r  𝜕 r


    2 G  ( 1 − 𝜈 )  1 − 2 𝜈  (     𝜕 2   u  r  𝜕   r 2 +  1  r   𝜕   u  r  𝜕 r −     u  r    r 2 ) − 𝛼   𝜕 p  𝜕 r = 0


    𝜕 e  𝜕 r =   𝜕  𝜕 r  (  1  r   𝜕   r u  r  𝜕 r ) =   𝜂  G   𝜕 p  𝜕 r


  e =   𝜂  G p + 2   A 1  ( t )


    u  r   ( r ) =     𝜂   ( r )    G   ( r )  1  r  ∫  r p  ( r , t )   d r +   A 1  ( t ) r +     A 2  ( t )  r


    𝜎  r r   ( r ) = − 2   𝜂   ( r )  1    r 2  ∫  r p  ( r , t )   d r +   2   G   ( r )  1 − 2   𝜈   ( r )   A 1  ( t ) −   2   G   ( r )    r 2   A 2  ( t )


    𝜎  𝜃 𝜃   ( r ) = 2   𝜂   ( r )  1    r 2  ∫  r p  ( r , t )   d r − 2   𝜂   ( r ) p +   2   G   ( r )  1 − 2   𝜈   ( r )   A 1  ( t ) −   2   G   ( r )    r 2   A 2  ( t )


    𝜎  z z   ( r ) = − 2   𝜂   ( r ) p +   4   G   ( r )   𝜈   ( r )  1 − 2   𝜈   ( r )   A 1  ( t )


    𝜎  r r +   𝜎  𝜃 𝜃 + 2 𝜂 p =   4 G  1 − 2 𝜈   A 1  ( t )


    𝜕 p  𝜕 t − c  1  r   𝜕  𝜕 r  ( r   𝜕 p  𝜕 r ) = −   2 𝛼  S     d   A 1  ( t )    d t


   A 1  ( t )


        l i m  r → ∞ ⁡      𝜎  r r   ( r ) =   𝜎 0 ⇒   A 1  ( t ) =     𝜎 0  ( 1 − 2   𝜈   ( r ) )  2   G   ( r )


    u  r   ( c ) =   B 1 r +     B 2  r


    𝜎  r r   ( c ) =   2   G   ( c )  1 − 2   𝜈   ( c )   B 1 −   2   G   ( c )    r 2   B 2


        A 2  ( t )  b =   B 1 b +     B 2  b


    2   G   ( r )  1 − 2   𝜈   ( r )   A 1  ( t ) −   2   G   ( r )    b 2   A 2  ( t ) =   2   G   ( c )  1 − 2   𝜈   ( c )   B 1 −   2   G   ( c )    b 2   B 2


    2   G   ( c )  1 − 2   𝜈   ( c )   B 1 −   2   G   ( c )    a 2   B 2 =   p  i


    𝜕 p  𝜕 t − c  1  r   𝜕  𝜕 r  ( r   𝜕 p  𝜕 r ) = 0


    𝜕 p  𝜕 t = c   𝛻 2 p


    p ~ = A   I 0  (    S  c r ) + B   K 0  (    S  c r )


  A = 0           ,           B = −     p 0  s   K 0  (    s  c b )


    p ~  ( r , s ) = B   K 0  (    s  c r ) +     p 0  s


    t  c h =     L  c 2  c


      − b 2  ( −   A 1  ( t )   G   ( r )   a 2 + 2   A 1  ( t )   G   ( r )   b 2   𝜈   ( c ) −   A 1  ( t )   G   ( r )   b 2 + 2   a 2   𝜈   ( c )   p  i   𝜈   ( r ) −   a 2   𝜈   ( c )   p  i − 2   a 2   p  i   𝜈   ( r ) +   a 2   p  i )   ( 2   𝜈   ( r ) − 1 )  (   G   ( c )   a 2 −   G   ( c )   b 2 −   G   ( r )   a 2 + 2   G   ( r )   b 2   𝜈   ( c ) −   G   ( r )   b 2 )


  −    ( 2   𝜈   ( c ) − 1 )  ( 2   A 1   G   ( c )   G   ( r )   b 2 + 2   G   ( c )   a 2   p  i   𝜈   ( r ) −   G   ( c )   a 2   p  i − 2   G   ( r )   a 2   p  i   𝜈   ( r ) +   G   ( r )   a 2   p  i )  2   G   ( c )  ( 2   𝜈   ( r ) − 1 )  (   G   ( c )   a 2 −   G   ( c )   b 2 −   G   ( r )   a 2 + 2   G   ( r )   b 2   𝜈   ( c ) −   G   ( r )   b 2 )


  −     a 2   b 2  ( − 2   A 1   G   ( c )   G   ( r ) − 2   G   ( c )   p  i   𝜈   ( r ) +   G   ( c )   p  i + 4   G   ( r )   𝜈   ( c )   p  i   𝜈   ( r ) − 2   G   ( r )   𝜈   ( c )   p  i − 2   G   ( r )   p  i   𝜈   ( r ) +   G   ( r )   p  i )  2   G   ( c )  ( 2   𝜈   ( r ) − 1 )  (   G   ( c )   a 2 −   G   ( c )   b 2 −   G   ( r )   a 2 + 2   G   ( r )   b 2   𝜈   ( c ) −   G   ( r )   b 2 )

